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 The Automorphism Groups of Minimal Infinite Circulant Digraphs
 M ENG J IXIANG AND  H UANG Q IONGXING
 An infinite circulant digraph is a Cayley digraph of the cyclic group of  Z  of integers . Here we
 prove that the full automorphism group of any strongly connected infinite circulant digraph
 over minimal generating set is just the group of translations of  Z .  We also present some related
 conjectures .
 Ö  1997 Academic Press Limited
 1 .  I NTRODUCTION
 Let  G  be a group (finite or infinite) and let  S  Ô  G .  The Cayley digraph  X  5  X  ( G ,  S )
 is a digraph with vertex set  G  and arc set  h ( g ,  gs ) :  g  P  G ,  s  P  S j .  If  S  is inverse closed ,
 that is ,  S  5  S 2 1 ,  then  X  corresponds to an undirected graph-Cayley graph . Cayley
 digraphs of cyclic groups are called circulant digraphs . In particular , Cayley digraphs of
 the cyclic group  Z  of integers are called infinite circulant digraphs .
 In order that  X  be loopless , we assume that  e  ¸  S ,  where  e  denotes the unit of  G .
 Clearly , the automorphism group Aut  X  contains  G r  ,  the group of left translations of
 G :
 G r  5  h τ g :  g  P  G j ,
 where  τ g ( x )  5  gx ,  and  G r  acts as a regular group of automorphisms of  X .
 A Cayley digraph  X  5  X  ( G ,  S ) of  G  such that Aut  X  5  G r  is called a digraphical
 regular representation , which is usually abbreviated to DRR , the corresponding
 abbreviation for graphs being GRR . Since  X  is vertex transitive ,  X  is a DRR if f any
 stabilizer of Aut( X  ) is the identical group .
 An obvious question which now arises is as follows : When is  G r  actually the full
 automorphism group of  X  that is , which Cayley digraph is DRR?
 Most of the previous work on the above question has been devoted either to
 determining which groups have at least one GRR (see [2 ,  3 ,  5 ,  7]) or to showing that
 almost all Cayley digraphs (graphs) of certain class of groups are DRR (GRR) (see
 [1 ,  8]) .
 Let  S  be a minimal generating set of  Z  such that  X  5  X  ( Z ,  S ) is strongly connected
 (such infinite circulant digraph is called minimal) . We show in this paper that any
 automorphism of  X  fixing 0 , the unit of  Z ,  must be a group automorphism of  Z  and
 therefore must be the identical automorphism . This means that  X  is a DRR .
 We conjecture that all infinite circulant digraphs are DRR except when the
 generating set  S  is inverse closed , that is ,  S  5  2 S ,  in which case the resulting digraph is
 actually an undirected graph , and we conjecture that its automorphism group is the
 infinite dihedral group .
 2 .  T HE A UTOMORPHISM G ROUPS
 Let  S  5  h a 1  ,  a 2  ,  .  .  . j  be a subset of  Z .  Then  S  is a generating set of Z if f
 gcd( a 1  ,  a 2  ,  .  .  . )  5  1 .  A generating set  S  of  Z  is minimal if any of its non-trivial subsets
 do not generate  Z .  In this section , we prove that a strongly connected infinite circulant
 digraph  X  ( Z ,  S ) is a DRR if  S  is a minimal generating set .
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 Before proceeding , we establish some useful lemmas . We should first notice that the
 fact that  S  generates an infinite group  G  does not mean that  X  ( G ,  S ) is strongly
 connected . Fortunately , Jungreis [16 , theorem 7 . 3] has characterized the strongly
 connected infinite circulant digraphs .
 L EMMA 1 [16 , theorem 7 . 3] .  X  ( Z ,  S )  is strongly connected if f S generates Z and
 consists of both positi y  e and negati y  e numbers .
 The following result is well known .
 L EMMA 2 .  The cyclic group Z of integers has only two group automorphisms I and
 I 2 1 , where I :  x  5  x and I 2 1 :  x  5  2 x .
 For any  a  P  Z ,  we use  f a  to denote the translation of  Z  :  f a :  x  5  x  1  a  ( x  P  Z ) .
 Clearly ,  f a  is an automorphism of any infinite circulant digraph  X  5  X  ( Z ,  S ) and all of
 these translations constitute  a  subgroup of Aut( X  ) ,  denoted by  Z r  ,  which acts regularly
 on  X .
 Let  Ω 0 be the subgroup of Aut( X  ) fixing the unit of 0 of  Z ; that is ,
 Ω 0  5  h τ  P  Aut( X  )  τ  (0)  5  0 j
 Then we have the following .
 L EMMA 3 .  Let S be a subset of Z and X  5  X  ( Z ,  S ) . Then
 Aut( X  )  5  O
 a P Z
 f a Ω 0  .
 In view of the fact that any infinite circulant digraph is transitive , we deduce the
 following .
 L EMMA 4 .  Let S and T be two subsets of Z such that X  ( Z ,  S )  .  X  ( Z ,  T  ) . Then there
 is an isomorphism  f  from X  ( Z ,  S )  to X  ( Z ,  T  )  such that  f  (0)  5  0 .
 The following lemma is crucial to the proof of our main result .
 L EMMA 5 .  If S is a minimal generating set of Z , then , in X  ( Z ,  S ) , any two  y  ertices
 ha y  e at most one common out - adjacency  y  ertex .
 P ROOF .  By contradiction , let  w  and  w 9 be two common out-adjacency vertices of
 some two vertices  x  and  y .  Then there exist  s i  , s j  , s p  and  s q  in  S  such that
 w  5  x  1  s i  5  y  1  s j  and  w 9  5  x  1  s p  5  y  1  s q .
 Clearly ,  s i  ?  s j  , s p  ?  s q  and  s j  2  s j  5  s q  2  s p .
 Since  w  ?  w 9 ,  we have  s p  ?  s i  and  s q  ?  s j  .  If  s j  5  s p  ,  then  s j  ?  s q  (otherwise  s i  5  s j  ,  a
 contradiction) and  s q  5  2 s j  2  s i  ,  contradicting the minimality of  S .  On the other hand , if
 s j  ?  s p  ,  then  s j  5  s i  1  s q  2  s p  ,  again a contradiction .  h
 Lemma 6 , which we will refer to later , illustrates the relationships between the graph
 isomorphisms and the group automorphisms .
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 L EMMA 6 .  Let S  5  h s 1  ,  s 2  ,  .  .  .  ,  s k j  be a minimal generating set of Z such that X  ( Z ,  S )
 is strongly connected , X  ( Z ,  S )  .  X  ( Z ,  T  ) , and let  f  be an isomorphism such that
 f  (0)  5  0 . Then  f  is a group automorphism of Z .
 P ROOF .  Since  X  ( Z ,  S ) is strongly connected , for any  j  P  Z ,  there is a directed path
 from 0 to  j . j  can then be expressed by an linear combination of  s 1  ,  s 2  ,  .  .  .  ,  s k  with
 non-negative coef ficients ; that is , there exist some non-negative integers  I 1  ,  I 2  ,  .  .  .  ,  I k
 such that
 j  5  I 1 s 1  1  I 2 s 2  1  ?  ?  ?  1  I k s k .
 Thus , to show that  f  is a group automorphism of  Z ,  it suf fices to prove the following
 for any non-negative integers  I 1  ,  I 2  ,  .  .  .  ,  I k :
 f S O k
 i 5 2
 I i s i D  5  O k
 i 5 1
 I i f  ( s i )  (  p  )
 For simplicity , we set  f  ( s i )  5  t i  , i  5  1 ,  2 ,  .  .  .  ,  k .  Since  f  (0)  5  0 ,  the out neighbour set
 of 0 in  X  ( Z ,  S ) corresponds to that of 0 in  X  ( Z ,  T  ) .  Thus  T  5  f  ( S )  5  h t 1  ,  t 2  ,  .  .  .  ,  t k j .
 Next we prove (  p  ) by induction on  o k i 5 1  I i  .
 (  p  ) is clearly true for  o k i 5 1  I 1  5  0 and  o k i 5 1  I i  5  1 .
 Now suppose that (  p  ) is already established for  o k i 5 1  I i  5  n .  We prove that it holds
 for  o k i 5 1  I i  5  n  1  1 .
 Let  j  5  o k i 5 1  I i s i  and  o k i 5 1  I i  5  n  1  1 .  We consider two cases .
 Case  1 .  There exist at least two non-zero numbers in  h I 1  ,  I 2  ,  .  .  .  ,  I k j .
 Without loss of generality , we suppose that  I 1  ?  0 and  I 2  ?  0 .  Set
 j 1  5  ( I 1  2  ) s 1  1  I 2 s 2  1  ?  ?  ?  1  I k s k
 and
 j 2  5  I 1 s 1  1  ( I 2  2  1) s 2  1  ?  ?  ?  1  I k s k .
 Clearly  j  is a common out-adjacency vertex of  j 1 and  j 2  .  Furthermore , by Lemma 5 , it is
 the unique one . On the other hand , by the induction hypothesis , we have
 f  (  j 1 )  5  ( I 1  2  1) t 1  1  I 2 t 2  1  ?  ?  ?  1  I k t k
 and
 f  (  j 2 )  5  I 1 t 1  1  ( I 2  2  1) t 2  1  ?  ?  ?  1  I k t k .
 Obviously ,  j #  5  o k i 5 1  I i t i  is a common out-adjacency vertex of  f  (  j 1 ) and  f  (  j 2 ) ,  and
 therefore the unique one since  f  is an isomorphism . We thus have  f  (  j )  5  j #  5  o k j 5 1  I i t i  .
 Case  2 .  I 1  5  n  1  1 and  I 2  5  ?  ?  ?  5  I k  5  0 .
 In this case ,  j  5  ( n  1  1) s 1 and  f  ( ns 1 )  5  nt 1  .  Since  j  is an out-adjacency vertex of  ns 1  ,
 f  (  j )  must be an out-adjacency vertex of  nt 1  .  Suppose that  f  (  j )  5  nt 1  1  t i  for some
 t i  P  T .  Next we show by contradiction that  i  5  1 .
 Since ( n  2  1) t 1  1  t i  and  nt 1 have common out-adjacency vertex  nt 1  1  t i  ,  ( n  2  1) s 1  1  s i
 and  ns 1 must have common out-adjacency vertex ( n  1  1) s 1  .  Thus there exists some
 s p  P  S  such that
 ( n  2  1) s 1  1  s i  1  s p  5  ( n  1  1) s 1 ;
 that is ,
 s p  1  s i  5  2 s 1  .
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 Since  i  ?  1 ,  we have  s p  ?  s i  .  But then the equality  s i  5  2 s 1  2  s p  means that  S  is not a
 minimal generating set—a contradiction . This completes the proof .  h
 R EMARK .  Since the proofs of Lemmas 5 and 6 do not make use of the specificity of
 Z ,  they are valid for any abelian group .
 Now we are in a position to state the main result .
 T HEOREM 1 .  Let S be a minimal generating set of Z such that X  5  X  ( Z ,  S )  is strongly
 connected . Then X is a DRR  ;  that is ,  Aut( X  )  5  h f a :  a  P  Z j , where  f a ( x )  5  x  1  a
 ( x  P  Z ) .
 P ROOF .  Let  f  P  Ω 0  .  Then , by Lemma 6 ,  f  P  Aut( Z ) .  Thus  f  5  I  or  I 2 1 .  If  f  5  I 2 1 ,
 we would have  S  5  2 S ,  contradicting the fact that  S  is minimal . Thus  f  5  I  and
 u Ω 0 u  5  1 , and the theorem readily follows from Lemma 3 .  h
 An mentioned before , an inverse closed subset  S  of  Z  defines an undirected infinite
 circulant graph  X  5  X  ( Z ,  S ) .  In this case , since the reflection  I 2 is clearly an
 automorphism of  X ,  Aut( X  ) contains the infinite dihedral group :  h f a  ,  2 f a  3  a  P  Z j ,
 where  f a ( x )  5  x  1  a  and  2 f a ( x )  5  2 x  2  a .  Except for these trivial cases , we can find
 no example such that its automorphism group contains more than  Z r  5  h f a  3  a  P  Z j .
 This has led us to the following conjecture .
 C ONJECTURE 1 .  Let S be a subset of Z such that S  ?  2 S and X  ( S ,  S )  is strongly
 connected . Then X  ( Z ,  S )  is a DRR .
 In some sense , the following theorem supports the above conjecture .
 T HEOREM 2 .  Let S  5  h a ,  b j  be a subset of Z such that X  5  X  ( Z ,  S )  is strongly
 connected . Then X is a DRR if f S  ?  h 1 ,  2 1 j . In the case in which S  5  h 1 ,  2 1 j ,  Aut( X  )  is
 just the infinite dihedral group .
 P ROOF .  The latter part of the theorem is obvious . Therefore , it suf fices to prove the
 suf ficiency of the former part .
 Since  X  is strongly connected , by Lemma 1 , gcd( a ,  b )  5  1 and one of  a  and  b ,  say  a ,
 is positive while the other , say  b ,  is negative .
 Let  f  P  Ω 0  .  Then  h f  ( a ) ,  f  ( b ) j  5  h a ,  b j .  We claim that  f  ( a )  5  a  and therefore
 f  ( b )  5  b .  Otherwise , suppose that  f  ( a )  5  b ,  f  ( b )  5  a .  Since  a  1  b  is the unique
 common out-adjacency vertex of  a  and  b ,  we have  f  ( a  1  b )  5  a  1  b  and hence
 f  (2 a )  5  2 b .  By induction , we can show that  f  ( ma  1  nb )  5  mb  1  na  for all non-negative
 integers  m  and  n .  Now choose non-negative integers  m 0 and  n 0 such that  m 0 a  1  n 0 b  5
 0 .  Since gcd( a ,  b )  5  1 and  S  ?  h 1 ,  2 1 j ,  we have  m 0  ?  n 0 and hence  m 0  1  n 0  ?  0 .  But then
 f  (0)  5  f  ( m 0 a  1  n 0 b )  5  n 0 a  1  m 0 b  ?  0 ,  a contradiction . Thus  f  ( a )  5  a  and  f  ( b )  5  b .
 Similarly to the above , we further have  f  ( ma  1  mb )  5  ma  1  nb  for all non-negative
 integers  m  and  n .  In view of the fact that  X  ( Z ,  S ) is strongly connected , we have
 Z  5  h ma  1  nb  3  m  >  0 , n  >  0 j .  Thus  f  5  I .  By Lemma 3 , this completes the proof .  h
 E XAMPLE 1 .  Let  S  5  h 1 ,  2 2 j .  Then , by Lemma 1 ,  X  5  X  ( Z ,  S ) is strongly connected ,
 and by Theorem 2 ,  X  is a DRR of  Z .
 Notice that  S  5  h 1 ,  2 2 j  is not a minimal generating set of  Z .  The above example
 Automorphism groups of digraphs  429
 shows that the suf ficient condition of Theorem 1 is not necessary . This makes us more
 convinced that Conjecture 1 is true .
 C ONJECTURE 2 .  Let S be an in y  erse closed generating set of Z and X  5  X  ( Z ,  S ) .
 Then  Aut( X  )  is the infinite dihedral group .
 T HEOREM 3 .  Let S be a minimal generating set of Z such that X  5  X  ( Z ,  S )  is strongly
 connected . Then X  ( Z ,  S )  .  X  ( Z ,  T  )  if f S  5  Ú T .
 P ROOF .  The suf ficient part of the theorem is self-evident . Now we prove the
 necessity . By Lemma 4 there is an isomorphism  f  from  X  ( Z ,  S ) to  X  ( Z ,  T  ) such that
 f  (0)  5  0 .  By Lemma 6 , this graph isomorphism  f  is indeed a group automorphism of  Z
 and hence , by Lemma 2 ,  f  5  I  or  f  5  I 2 .  Since  f  (0)  5  0 ,  we have  T  5  f  ( S )  5  Ú S .
 If we set  V  by
 V  5  h X ,  ( Z ,  S )  3  S  is  a  minimal  generating  set  and  X  ( Z ,  S )  is  strongly  connected j ,
 then Theorem 3 tells us that each isomorphic class of  V  consists of only two digraphs ,
 say  X  ( Z ,  S ) and  X  ( Z ,  2 S ) ,  and there are infinite isomorphic classes .
 Determining the isomorphic classes of all infinite circulant digraphs depends upon
 the solutions of Conjectures 1 and 2 . It seems to us that this is a dif ficult problem .
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